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ABSTRACT: A new strategy for the simultaneous modeling of molecular weight distribution (MWD)
and degree of branching distribution (DBD) for such branched polymers as bimodal low-density
polyethylene is presented, based on the Galerkin h-p finite element package PREDICI, a commercial code.
The key problem of how to address a bidimensional distribution is successfully solved by using so-called
reduced or pseudo distributions. The branching distribution per chain length is modeled by moment
equations, thus yielding distributions of branching moments over chain length. No closure relationships
are required. The MWD/DBD curves obtained are the most probable ones for the given reaction
mechanisms and kinetic data. Simulated MWD and DBD curves are compared to experimental data from
gel permeation chromatography and light scattering; the agreement found is good in general and excellent
in one case. The bimodal MWD of the autoclave low-density polyethylene (ldPE) IUPAC Alpha could be
reproduced well. It is finally shown that the shapes of MWD and DBD are highly sensitive, quantitative
measures for random scission.

Introduction
Scope. Control of microstructural properties of low-

density polyethylene in reactors is an issue of high
industrial importance. Although the process is one of
the oldest commercial radical polymerization systems,
it still presents scientific challenges. The issue is to find
the relationship between ldPE reactor conditions and
the complex microstructure of various grades of this
polymer. This paper focuses on two interrelated aspects
of this structure: The molecular weight distribution
(MWD) and the degree of branching distribution (DBD).
The highly desired quality of some autoclave grades of
ldPE is ascribed to the broad, shouldered MWD and the
presence of long branches especially at the higher MW
tail. This observation is based on MWD and DBD data
obtained by means of characterization techniques, which
over the past decade have become not only practically,
but also scientifically reliable. Hence, in principle, such
data are technically accessible, which does not auto-
matically imply that they are abundantly available from
nonconfidential sources. Only one recent publication1

containing MWD and DBD datasthe key reference for
our modeling worksexists, while other available data
are relatively old or incomplete.2-6

It should be noted that MWD and DBD are closely
related. Branches are mainly created by a transfer to
polymer reaction. Since this is a process in which dead
chains are reactivated and again grow by propagation,
branching is accompanied by molecular mass increase.
A second link between MWD and DBD originates in the
characterization of the polymer. The MWD is deter-
mined from size exclusion chromatography (SEC), but
has to be corrected for the degree of branching. Hence,
knowledge about branching is a precondition for the
exact MWD determination. Therefore, if studies are
devoted to full MW distributions, it is relevant to make
reference explicitly to the branching issue.

Previous Work. Modeling devoted to MW and MWD
of ldPE has been performed by several authors, who
used the method of moments, or more sophisticated or
detailed techniques, i.e., continuous variable approxi-
mation, Monte Carlo simulations, and/or finite element
methods.11-16,20,23-30,33,35 Full MW distributions are
mostly obtained from the last-mentioned class of tech-
niques, but the typical bimodal MWD with polydisper-
sity around 25 of autoclave ldPE1 has never been
reproduced by models in the open literature. In the
history of ldPE modeling, the incorporation of the
random scission came relatively late.33 More recently,
the mechanism has been adopted by most authors,
exceptssomewhat surprisinglysNordhus et al.,6 who
use a continuous-variable approximation. This is prob-
ably due to problems encountered by modeling random
scission as one of the most difficult reaction steps.

Most recentlysand to our knowledge, for the first
timesthe MWD and DBD issues have been addressed
in a moment modeling study of ldPE in continuously
stirred tank reactors (CSTR).20 Here, the concept of
numerical fractionation23 has been applied, with branch
number classes representing the fractions. Quite inter-
estingly, for very high transfer to polymer rates, an
MWD of polydispersity 4.5 was computed to have a
bimodal shape when scaled with nPn. Note that SEC
provides data on a n2Pn scale instead. The computed
DBD proved to be in the same order of magnitude as
experimental data,5 although here a calculated CSTR
result was compared to the measured tubular product
NBS 1476. The moment method may not always be
adequate for describing such complex systems as ldPE,
which require closure relations and the translation of
moments to full distributions that may introduce some
arbitrariness.

The effect of reactor segregation on MWD has been
raised20 and indeed shows some influence in the case
of autoclave reactors. We have performed compartment
modeling using four CSTRs with recirculation,13 but the
results clearly indicate that, for autoclave conditions,
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this yields only minor differences as compared to the
single CSTR. However, the situation is completely
different for ldPE from tubular reactors, since observed
broad MWDs and branching distributions have not yet
been explained by our model without assuming signifi-
cant segregation. This needs to be investigated more
thoroughly.

DBD has been modeled several times,25-28 and espe-
cially the scission of branched molecules is highly
interesting. It has been shown to be possible25 to obtain
the complete spatial structure of individual macromol-
ecules, including the location of the branch points, which
allows calculation of the exact radius of gyration of the
branched molecule. This yields a direct link to the size
of the molecule, as discussed in the next section, which
is experimentally observable.

A New Approach. Since it is known that the method
of moments encounters problems with closure relation-
ships and that Monte Carlo simulations are accurate
but too computationally intensive to describe reactors,
an intermediate modeling strategy is required for our
purpose as described above. This strategy is based on
the Galerkin h-p method employed in the PREDICI
package,31 a commercial code. The present version of
PREDICI allows one to deal with arbitrary systems of
unidimensional models and distributions without ap-
plying closing relations. Consequently, this algorithm
has been successfully applied several times to the
modeling of MWDs of ldPE.11-13 However, the simul-
taneous description of MWD and DBD leads to a
bidimensional problem with the property coordinates
chain length and number of branches. To avoid the
computationally expensive bidimensional problem, a
mathematical reduction technique is applied to the
original model, which allows the computation of average
branching degrees per chain length (and the respective
variances). For that reason, branching moment distri-
butions are introduced. The population balances for
these distributions can be solved in PREDICI since they
are unidimensional. Thus, the original bidimensional
problem is replaced by a series of unidimensional
problems with getting exact information on averages
concerning the second distribution. The derivation of the
extended balance equations for all reaction mechanisms
involved will be given in this paper.

Kinetics

The reaction mechanisms are listed in Table 1.
Macromolecular species are indexed by nsthe chain
lengthsand i, the number of branches per chain. Hence,
Pn

i denotes the concentration of dead chains with length
n and number of branches i; similarly, living chains are
denoted by Rn

i. As indicated in Table 1, both indices can
change upon reaction. The changes in n are as usual,
and the changes in i will be explained in the section on
modeling.

The reaction mechanisms selected are the ones mostly
assumed to be involved in ldPE systems, and the rate
constants are numerically almost identical to those in
previous work.15,20 A mechanism disregarded by us, but
sometimes taken into account,20 is that involving ter-
minal double bonds. We checked the role of this mech-
anism by incorporating it in the same simplified way
as the authors mentioned, and saw negligible influence
on DB and none at all on MW. However, modeling this
reaction in a more rigorous waysby taking into account
populations of macroradicals carrying two or more

radical centers, while maintaining the same rate
constantsgave rise to a dramatic effect on MWD and
DBD. Since no explicit experimental evidence supports
this mechanism, we dropped it from the analysis.
Finally, we assumed conversion and chain length to be
independent termination reactions, although some de-
pendence is probable. Some exploratory computational
exercises concerning chain length dependent termina-
tion have shown that this affects to some extent the
shape of the MWD. For the time being, we consider this
a refinement of minor importance for ldPE, and it will
be revisited for other systems in future studies.

The role of random scissionsbeing the most recently
introduced mechanism in the history of ldPE modeling33s
is a special one. This mechanism is distinct from
â-scission, which takes place at chain ends and leads
to short chain branches. Our study disregards â-scission,
since we are interested in long chain branches and also
because the MWD is not affected by â-scission. Random
scission chiefly has an impact on the way the MWD is
broadened by transfer to polymer, as will be shown at
the end of this article. In the absence of random scission,
the polydispersity for these radical systems in a CSTR
turns out to have a maximum of only 3.5, which is much
lower than the reported values. Finally, the assumption
of randomness in the scission reaction modeledsevery
bond in the macromolecule is equally likely to breaks
may be a matter of dispute. The scission of branched
chains is known to be a complex problem.27 However,
we will start with this most simple scheme and see how
it works out on the MWD and DBD for a relevant range
of the associated rate constant krs.

MWD and DBD Modeling with PREDICI

The Bidimensional Character of the Problem.
It is clear from the reaction mechanisms that the
problem is a bidimensional one, or that Pn

i and Rn
i are

bidimensional distributions. These are related to the
usual unidimensional concentrations and moments by
summing over the branching index i:

Table 1. Presumed Reaction Mechanisms in
Bidimensional Notation: Lower Case Index Denotes
Chain Length; Upper Case Index Denotes Number of

Branches

initiation
I2 98

kd
2I b

I b98
kI*ηI

R1 b

propagation Rn
i b + M 98

kp
Ri

n+1 b

termination combination Rn
i b + Rm

j b 98
ktc

Pn+m
i+j

termination
disproportionation Rn

i b + Rm
j b 98

ktd
Pn

i + Pm
j

chain transfer (CT) to
monomer Rn

i b + M 98
km

Pn
i + R1 b

CT to chain transfer
agent Rn

i b + S 98
kS

Pn
i + R1 b

CT to polymer Rn
i b + Pm

j98
ktp*m

Pn
i+1 + Rm

j b

random scission Rn
i b + Pm

j98
krs*m

Pn
i+ Pm-r

j-k + Rr
k b

Rn ) ∑
i)0

∞

Rn
i , Pn ) ∑

i)0

∞

Pn
i (1)
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The total concentration of branch points B is then
expressed by

According to the chemical interpretation, the number
of branches should be equal to the number of times a
chain undergoes a transfer to polymer reaction, since
every such reaction leads to a branch, except for
terminal units. Thus, a simple relation exists between
the kinetic rate constant and the total concentration of
branches

where statistical moments of living (λ0) and dead (µ1)
polymer are used. Hence, in principle, the transfer
coefficient ktp may be obtained from measured branch-
ing data. However, it should be borne in mind that, in
practice, the total number of branches is not directly
determined by counting the individual branching reac-
tions, nor by visual observation of the number of branch
points in all the molecules.25 Instead, the degree of
branching is determined indirectly from information
about the size (distribution) of the molecules, and
[henceforth ) therefore?] always involves some way of
averaging in the bidimensional domain.

Using Pseudo Distributions To Deal with Multi-
dimensionality. In this section, the problem of how to
manage multidimensionality with a unidimensional
algorithm will be addressed. PREDICI31 is based on a
finite element Galerkin h-p scheme combined with a
special time discretization of Rothe’s type. It computes
full MW distributions from basic kinetic schemes and
data without any further assumptions or closure rela-
tions. At present, PREDICI is limited to systems of
unidimensional distributions, while the presented prob-
lem is bidimensionalschain length and branches per
chain being the property coordinates of the distribution
Pn

i. The most rigorous way to deal with this would be
to extend PREDICI to two dimensions, but such an
extension is not yet available. For this reason, a new
concept using reduced (or pseudo) distributions has been
developed, based on the unidimensional algorithm.

The basic idea is that in systems with more than one
property coordinate (variable), in many cases the full
multidimensional information cannot be obtained or is
not interesting. Thus, one applies a certain kind of
averaging over some of the coordinates. This is widely
used in statistical physics and also has applications in
chemical engineering. However, a systematic approach
to models in polymer chemistry has not yet been
developed. A reason for this may be that the arising
extended population balances are even more compli-
cated than the typical balances describing molecular
weight distributions. However, this is not an obstacle
in view of the application of the Galerkin h-p method.
A detailed overview and more applications will be

presented in forthcoming papers; in particular, a com-
parison with Monte Carlo simulations is in progress.

Starting from the bidimensional distributions for dead
and living chains Pn

i and Rn
i, respectively, in the present

context reduced distributions are defined as follows:

From these Nth branching moment distributions, aver-
ages may be derived. For example, the average number
of branches of chains of length n can be computed by
the ratio (for each n) of the first and zeroth branching
moment distribution. Note that Ψn

0 equals Pn. To derive
the balance equations for the branching moment dis-
tributions, the following steps have to be performed:

•Deriving the bidimensional population balance for
each reaction step of the kinetic model.

•Reducing the bidimensional balance to a unidimen-
sional balance, by applying the above summations over
the branching index (same type of operation as obtain-
ing moments from distributions).

•Expressing the resulting terms in terms of the
branching moment distributions, and then adding them
to the system of equations.

All equations are simultaneously solved in PREDICI.
This procedure can principally be applied to any poly-
reaction model where additional properties have to be
considered. The key is how a certain reaction step
changes the additional property. In the present case,
the branching index is mainly affected by transfer to
polymer, scission, and termination.

Population Balances for Branching Moment
Distributions. In this section, the balance equations
for all reaction mechanisms involved will be derived and
presented per mechanism as contributions to the overall
balances. Reactions not affecting the number of branches
per chainsi.e., those describing propagation, transfer
to monomer, and solvent and termination by dispropor-
tionationswill be presented in the first part. The
reactions which do affect branchingsi.e., transfer to
polymer, termination by combination, and random
scissionsare more complex and will be discussed sub-
sequently. The distributions of the original kinetic model
will be called real distributions, and the additional
branching moment distributions will be called pseudo
distributions. Note that the +) duet means a contribu-
tion to the overall balance equation of the respective
species.

Propagation Step.

In this case, the degree of branching is not altered;
hence, this is a simple step from this point of view. The
living chain balance in bidimensional notation is

The contribution to the balance of the Nth branching
moment distributions of living chains in reduced or
pseudo distribution notation follows by multiplication

living chains: λN ) ∑
n)1

∞

nNRn;

dead chains: µN ) ∑
n)2

∞

nNPn (2)

B ) ∑
n)2

∞

∑
i)0

∞

iPn
i (3)

dB
dt

) ktpλ0µ1 (4)

dead chains: Ψn
N ) ∑

i)0

∞

iNPn
i (5)

living chains: Φn
N ) ∑

i)0

∞

iNRn
i (6)

reaction mechanism: Rn
i + M 98

kp
Rn+1

i

dRn
i

dt
+) kpM(-Rn-1

i + Rn
i) (7)
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with iN and taking the summation over the branching
index i:

Transfer to Monomer and Solvent Reactions.

We can neglect the production of monomer radicals,
since these do not carry branches. Again, the degree of
branching is not affected; hence, the contributions to the
pseudo distribution balances of the living and dead
chains are

Termination by Disproportionation.

The contribution to the balance of the living and dead
chains Rn

i and Pn
i, are the same but of opposite sign,

and again they do not involve any change of degree of
branching:

Contributions to the balances of the pseudo distributions
again follow after multiplying with iN and summation
over i as

Termination by combination. This reaction mech-
anism is somewhat more complicated, since a change
of the branching index is involved:

The lengths n and m and the degrees of branching i and
j of the living chains R are added in the dead chain P
produced by combination. Since this reaction only
consumes living chains, the corresponding bidimen-
sional balance for Rn

i is still simple:

This expression has exactly the same shape as eq 10
for disproportionation, and consequently yields a re-
duced balance of the same shape as eq 11:

The bidimensional expression for the contribution of the
combination reaction to the balance for dead chains Pn

i

is more complex and contains the double summation

over n and i

Multiplying with iN and summation over i again pro-
duces the reduced expression for this balance in terms
of the Nth branching moment distribution of dead
chains:

For N ) 1, eq 15 can be rearranged in the following way:

Note that this expression is similar to the well-known
first moment equation for combination in one dimension
(chain length) containing the product of zeroth and first
living chain moments λ1λ0. Equation 16 contains the
product Φm

1Rn-m under the summation sign, and know-
ing that Rn may be interpreted as the zeroth moment
of Φn

N, the product term can also be read as Φm
1Φn-m

0,
which shows the resemblance to the moment product
λ1λ0.

The contribution to the second branching moment
distribution of dead chains is obtained by a similar
transformation of eq 16:

This time a similarity to the usual second moment
balance equation is seen, which contains the term λ2λ0
+ λ1

2 which compares well with the last term under the
summation in eq 17.

Transfer to Polymer. This reaction is interesting,
since in our model branches are generated by this
mechanism only. The mechanism adds one to the degree
of branching of existing dead chains Pm

j, the index j
becoming j + 1:

dΦn
N

dt
) ∑

i)0

∞

iN(dRn
i

dt ) +) kpM(-Φn-1
N + Φn

N) (8)

Rn
i + M 98

km
Pn

i + R1; Rn
i + S 98

ks
Pn

i + R1

dΦn
N

dt
+) -kmMΦn

N;
dΨn

N

dt
+) kmMΦn

N (9)

Rn
i + Rm

j 98
ktd

Pn
i + Pm

j

dRn
i

dt
) -

dPn
i

dt
+) -ktdRn

i∑
n)1

∞

∑
i)0

∞

Rn
i ) -ktdRn

iλ0 (10)

dΦn
N

dt
) -

dΨn
N

dt
+) -ktdΦn

Nλ0 (11)

Rn
i + Rm

j 98
ktc

Pn+m
i+j

dRn
i

dt
+) -ktcRn

i∑
n)1

∞

∑
i)0

∞

Rn
i ) -ktcRn

iλ0 (12)

dΦn
N

dt
+) -ktcΦn

Nλ0 (13)

dPn
i

dt
+)

1

2
ktc ∑

m)1

n-1

∑
j)0

i

(Rm
jRn-m

i-j ) (14)

dΨn
N

dt
+)

1

2
ktc∑

i)0

∞

iN( ∑
m)1

n-1

∑
j)0

i

Rm
j Rn-m

i-j ) (15)

dΨn
1

dt
+)

1

2
ktc∑

i)0

∞

i( ∑
m)1

n-1

∑
j)0

i

Rm
jRn-m

i-j ) )

1

2
ktc ∑

m)1

n-1

∑
j)0

∞

Rm
j(∑

i)j

∞

iRn-m
i-j ) )

1

2
ktc ∑

m)1

n-1

∑
j)0

∞

Rm
j(∑

i)0

∞

(i + j)Rn-m
i ) )

1

2
ktc ∑

m)1

n-1

(∑
j)0

∞

jRm
j ∑

i)0

∞

Rn-m
i + ∑

j)0

∞

Rm
j∑
i)0

∞

iRn-m
i ) )

1

2
ktc ∑

m)1

n-1

(Φm
1Rn-m + RmΦn-m

1 ) ) ktc ∑
m)1

n-1

Φm
1Rn-m (16)

dΨn
2

dt
+)

1

2
ktc∑

i)0

∞

i2( ∑
m)1

n-1

∑
j)0

i

Rm
jRn-m

i-j ) )

1

2
ktc ∑

m)1

n-1

∑
j)0

∞

Rm
j(∑

i)0

∞

(i + j)2 Rn-m
i ) )

1

2
ktc ∑

m)1

n-1

(Φm
2Rn-m + 2Φm

1Φn-m
1 + RmΦn-m

2 ) )

ktc ∑
m)1

n-1

(Φm
2Rn-m + Φm

1Φn-m
1 ) (17)
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Concerning the living chain balance, we see that ac-
cording to the left-hand side of this reaction, equation
chains of index i are consumed, but according to the
right-hand side, chains of index j + 1 (i) are produced
from dead chains of one index lower j (i - 1). Hence,
the contribution to the bidimensional living chain bal-
ance becomes:

The reduced form of this expression follows after
multiplying with iN and summing over i:

The first reduced moment balance follows by taking N
) 1:

Note here the appearance of Pn in the right-hand side
of this expression, which can be interpreted as the
zeroth moment of the dead chains Ψn

0. It means that
the first branching moment of the living chains depends
on the zeroth branching moment of the dead chains,
which is the logical consequence of the index increase.
Similarly, for N ) 2 the second reduced moment balance
follows:

This time, the right-hand side contains both lower
moments Ψn

1 and Ψn
0 (Pn), again as a consequence of

the index change incurred by the transfer to the polymer
reaction.

The contributions to the dead chain balance are
described by simpler expressions, since consumption of
Pn

i and production of dead chains Pn
i from Rn

i do not
involve an index change. The bidimensional balance
becomes

The reduced balance equations for the Nth moment can
then simply be written as

yielding the leading moment equations by putting N )
1, 2, ....

Random Scission. The most general form of the
reaction equation describing scission of a dead chain Pm

j

at an arbitrary bond is given by

The function â(m,j,l,k) denotes the probability that a
chain of length m with j branches upon scission will
produce a fragment of length l with k branches. In
general, this probability depends on all the character-
istics of the original chainsm and jsand those of the
fragment, l and k. To solve the problem, a functional
form for â has to be found. Several alternatives are
available, from which we have selected one based on
the assumption that the number of branches of the
fragments is independent of the lengths of the original
chain and the fragments. Thus, the probability function
becomes

Now, the bidimensional living chain balance contribu-
tion from random scission contains a simple consump-
tion term referring to the termination of a macroradical
Rn

i into a dead chain Pn
i, and a more complex production

term denoting the production of Rn
i by the scission

reaction. A macroradical with length n and number of
branches i may be the scission product of all dead chains
with length l > n and branches k g i. The construction
of the balance proceeds after the following argument.
The probability that a dead chain Pl

k will break into a
living fragment with a length of exactly n < l is krsPl

k.
The probability that this fragment will have exactly i
e k branches is 1/(k + 1). Hence, the overall probability
that a dead chain Pl

k will break into a living fragment
Rn

i is krsλ0 Pl
k/(k + 1). This, then, is the production rate

of Rn
i, dRn

i/dt, from dead chains Pl
k. Since Rn

i may be
produced from dead chains of length l with any number
of branches k between i and kmax(l), the production rate
summed up over these dead chains equals krsλ0

∑k)i
kmax(l)Pl

k/(k + 1). Finally, since Rn
i may be produced

from any dead chain of length l > n, the total production
rate is summed up from n + 1 to ∞, yielding the balance

However, this formulation would require not only
truncated sums (which in general is no problem), but
also an additional relation between branching density
and scission, which is unknown. We therefore replaced
the upper limit of the second summation, allowing it to
run to infinity, which yields

Since on average the number of branches per chain is
much smaller than the number of monomer units, the
error made by this procedure is expected to be signifi-
cant only for short chains. In fact, the number of
branches in small chain fragments is heavily overesti-
mated. This effect is discussed in the Appendix, and is
shown to lead to acceptably small errors.

The reduced balance equation for the Nth branching
moment of living chains based on eq 26 follows as usual
by multiplication with iN and summing over i:

Rn
i + Pm

j 98
ktpm

Pn
i + Rm

j+1

dRn
i

dt
+) ktp(-µ1Rn

i + λ0nPn
i-1) (18)

dΦn
N

dt
+) ktp(-µ1Φn

N + λ0n∑
i)0

∞

iNPn
i-1) (19)

dΦn
1

dt
+) ktp(-µ1Φn

1 + λ0n∑
i)0

∞

iPn
i-1) )

ktp{-µ1Φn
1 + λ0n(Ψn

1 + Pn)} (20)

dΦn
2

dt
+) ktp(-µ1Φn

2 + λ0n∑
i)0

∞

i2Pn
i-1) )

ktp{-µ1Φn
1 + λ0n(Ψn

2 + 2Ψn
1 + Pn)} (21)

dPn
i

dt
+) ktp(µ1Rn

i - λ0nPn
i) (22)

dΨn
N

dt
+) ktp(µ1Φn

N - λ0nΨn
N) (23)

Rn
i + Pm

j 98
krsm

Pn
i + Rm-l

â(m,j,m-l,j-k) + Pl
â(m,j,l,k)

â(m,j,l,k) ) 1
j + 1

j , m, k , l (24)

dRn
i

dt
+) krs{-µ1Rn

i + λ0 ∑
l)n+1

∞

∑
k)i

kmax(l)( Pl
k

k + 1)} (25)

dRn
i

dt
+) krs{-µ1Rn

i + λ0 ∑
l)n+1

∞

∑
k)i

∞ ( Pl
k

k + 1)} (26)
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For N ) 1 in eq 27 we obtain the first moment equation:

The summation term may be rearranged to give

Hence, we find for the living chain pseudo distribution

Taking N ) 2 in eq 27, the contribution to the second
branching moment distribution balance living chains is
found:

Rearrangement of the last term gives

Hence we find

The bidimensional balance for the dead chains contains
three terms: A negative term describing the consump-

tion of dead chains Pn
i and two positive ones, one

referring to the generation of Pn
i from living chains Rn

i

and the other denoting their generation as scission
products from larger dead chains:

The production term with the double summation is
identical to the corresponding term in the living chain
balance (eq 26) and relies on the same assumption as
before concerning the complete decoupling between
scission of lengths and branching numbers.

Now, the contribution of random scission to the
balance of Nth branching moment distributions of dead
chains follows as usual:

For N ) 1 one obtains the contribution to the first
branching moment distribution balance of dead chains:

Using the same rearrangement as for the living chains
we find

Inserting N ) 2 and using the same rearrangement as
for the living chains, the second branching moment
equation follows as

Equations 33 and 38 allow the computation of the
second moment distributions, which opens the way to
finding the broadness of the branching distribution at
certain chain length n from Ψn

2/Ψn
1. However, in the

present paper, we will confine ourselves to average
numbers of branches per chain, which follow from the
zeroth and the first moment. The issue of polydispersity
in the branching distributions will be dealt with in
future research.

The Final Model in PREDICI. The previous section
showed for the ldPE reaction system how the original
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bidimensional MWD/DBD problem can be reduced to a
unidimensional problem in a straightforward way. For
the DBD only the first moment is computed, which can
be done without any further assumption or closure
relationship. Now, having derived the balance equations
for reduced distributions for all reaction steps, and
adding the equations for the real distributions as well
as the balance equations for the low molecular species
and the relevant initial and feed conditions for CSTR
and batch reactor, our model is complete. The pseudo
distributions are treated by PREDICI in an identical
manner as the real distributions, and thus are readily
implemented. This model is available now and has been
tested against experimental data as described below.
This is an important achievement in the field of
distribution modeling, since provided the set of reaction
mechanisms is complete and correct, and the kinetic
rate constants are correct, the MWD and DBD obtained
are beyond doubt, because no important assumptions
are made in between. Reversely, this means that any
possible discrepancies between modeled and experimen-
tal MWD and DBD must be attributed either to an
incorrect description in terms of reaction mechanisms
and kinetic data or to experimental errors.

Rate Constants
The rate constants used in our study are listed in

Table 2. They are almost identical to recently published
ones.20 Propagation, termination, and some transfer rate
constants are becoming available as more and more
accurate and reliable data are provided by such modern
techniques as pulsed laser SEC.16 It is known that the
system’s behavior is especially sensitive to the ratios
kp/kt

2, km/kp, and ks/kp. With these ratios, the model is
tuned to the relevant conversion (12-18%) and Mn (12-
27 kg/mol) range. For the modeling of MWD and DBD,
the ratios ktp/kp and krs/kp are extremely critical. The
ktp may be inferred from DB data in a fairly straight-
forward way as long as the averaging is carried out
correctly, as explained in the previous section. Thus, the
order of magnitude of ktp/kp is found to be 0.01. There
is no such direct method for obtaining krs, which
therefore has to be deduced from the measured MWDs
and DBDs. As will be discussed in the section about the
simulation results (Figures 9 and 10), we varied the
random scission rate in order to observe its influence

on the MWD shape. For a krs/kp value of 5 × 10-5, good
agreement has been found between the simulated and
the experimental1 MWD. For a CSTR, this shape turned
out to be very sensitive to krs: Higher values removed
the shoulder altogether and narrowed the MWD, and
lower values failed to yield a converged solution. Note
that the value mentioned is a factor 100 lower than that
used by Pladis and Kiparissides.20

Table 2. Kinetic Rate Constants and Other Simulation Input (Mostly taken from Pladis and Kiparissides.20)a

k0 EA [kJ/(kmol K)] ∆V [m3/kmol]

kd [1/s] 5.95 × 1012 132632 0
ηI [-] 1
kp [m3/(kmol s)] 1.25 × 108 33767 -0.0197
ktc [m3/(kmol s)] 1.25 × 109 4184 0.013
ktd [m3/(kmol s)] 1.25 × 109 4184 0.013
kS [m3/(kmol s)] 2.62 × 107/3 × 108 (B) 49664 -0.0197
km [m3/(kmol s)] 1.25 × 105/4 × 104 (B) 33767 -0.0197
ktp [m3/(kmol s)] 4.38 × 108 54936 0.0044
krs [m3/(kmol s)] 1.292 × 105 47153 -0.0168
residence time τ (s) 30
monomer, in (kmol m-3) M0 ) 16.75
initiator feed (kmol m-3) CSTR: I2,0 ) 2.47 × 10-5

chain transfer agent, in (kmol m-3) S0 ) 0.0216/0.48 (B)
temperature 260 °C (Alpha), 240 °C (B)
Mn/Mw (kg/mol): model 26.7/302-668 (Alpha), 12.2/75.2 (B)

experimental 26/754 (Alpha), 12.2 (B)
av no. of branches/1000 C: model 1.17 (Alpha), 1.78 (B)

experimental 1.05 (Alpha), 0.5-2 (B)
a For all CSTR simulations the krs value shown appears to be the minimum value; some computations have been performed with 4krs.

Some simulations have been carried out with 2ktp. “Alpha” refers to comparison with Tackx and Tacx.1 “B” denotes the slightly different
kinetic data used when comparing model to Borealis data.6

Figure 1. Comparison of MWD from model and SEC/MALLS
measurements of autoclave product Alpha IUPAC1 data
(experimental values estimated from MWD plot): Mn (expt)
) 29, Mn (model) ) 26; Mw/Mn (expt) ) 26, Mw/Mn (model) )
25; conversion (model) ) 18%, temperature 260 °C. Model
MWD is obtained using kinetic data from open literature20s
except for a factor of 100 lower krssand for the simplest reactor
type: ideal CSTR with uniform temperature. Effect of higher
krs goes from Figure 10.

Figure 2. Comparison of gyration radius g as calculated from
the simulated branching distribution for a CSTR from eq 39
and a directly measured (MALLS1) g for autoclave product
Alpha IUPAC. Good agreement between autoclave product
data and model, the latter showing slight underestimation for
MW < 1.5 × 106 and overestimation beyond.
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Comparison of Model Outcomes with
Experimental Data

Molecular Weight and Degree of Branching
Distribution Data. Nonconfidential measured MWD
data are only scarcely available; some are recent1 and
some are less recent.2,4 The relevant Mn and polydis-
persity ranges are Mn around 10-30 kg/mol and poly-
dispersities for tubular reactors 3.5-12 and autoclaves
10-25. MWDs from size exclusion chromatography
essentially measure the hydrodynamic volume of the
molecules. The interpretation of these data yielding the
concentration is straightforward. However, the relation
between hydrodynamic volume and MW depends on the
degree of branching: The more highly branched, the
smaller the volume for a given MW. Hence, SEC

calibrated for linear chains underestimates the MW of
branched chains; in other words, SEC cannot sharply
fractionate in MW a product with a distribution in
number of branches per chain. Such techniques as low-
angle or multiangle laser light scattering (MALLS) offer
the possibility to directly determine the size of the
molecule. This information is used to correct the SEC
data for the branching effect, so that a proper MWD is
obtained.

Evidently, the same or similar combinations of tech-
niques are used to obtain the DBD itself. It requires a

Figure 3. Comparison of branching distribution from CSTR
model, corresponding to MWD of Figure 1, and the gyration
radius data1 shown in Figure 2. Good agreement for the
autoclave CSTR model is observed, in line with Figure 2.

Figure 4. Close up of Figure 3 at high MW end and on linear
branching number scale. Model and autoclave data have good
agreement until MW ) 107 kg/mol. Experimental curve ends
at around 92 000 branches per chain, while the model predicts
a maximum of 1500.

Figure 5. Comparison of branching density from model and
SEC/MALLS measurements of Alpha IUPAC,1 corresponding
to MWD of Figure 1. Average branching density: 1.17/1000 C
(model); 1.05/1000 C (experimental, estimated from g plot,
using eq 40; when using the equation for polydisperse systems,
eq 41, a lower value is obtained: 0.52/1000 C).

Figure 6. Comparison of experimental DB data for Borealis
product6 (two values for exponent k in eq 39) to simulations
of CSTR model (identical kinetic data and Mn ) 12.2 kg/mol,
T ) 240 °C; Mw ) 75.2 kg/mol). Excellent agreement for k )
1 in eq 39 is observed.

Figure 7. Comparison on DBD of Borealis experimental data6

[to ) with] model simulations. Same as Figure 6, but on a
linear DB scale.

Figure 8. Comparison of experimental branching density
data from Borealis6 (2 values for exponent k in eq 39) [to )
with] simulations. Discrepancy at lower MW, but accuracy of
experimental data falls at low MW. Average branching den-
sity: 1.78/1000 C (model), 1.7/1000 C (experimental, estimated
from g′ plot).
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number of steps, assumptions, and models to transform
the data into a number of branches per chain.21,22 One
important assumption is contained in the well-known
formula relating the structural parameter g′swhich
denotes the ratio between the intrinsic viscosities of
branched and linear molecules of the same MWsand
g, which denotes the ratio of square gyration radii of
branched and linear molecules of the same MW:

The ratio g is directly coupled to the number of branches
in a chain according to relationships derived by Zimm
and Stockmeyer34 for various cases. For the case of a
sample with uniform chain lengths and a uniform
number of branches per chain i, and hence monodis-
persity in both distribution dimensions, the formula for
g is

Here, f denotes the branching functionality, for ldPE
taken as 3. Note that g(i) is independent of chain length.
Using eq 40, one may calculate the number of branches
i when g(i) is known; for instance, if g ) 0.5, the number

of branches is 16. Now, a problem arises from the fact
that SEC fractionates according to hydrodynamic vol-
ume. Since, in agreement with eq 40, branched mol-
ecules have smaller sizes and volumes at the same
weight, the SEC fractions will contain certain ranges
of MWs and DBs. Hence, the assumption of ideal
monodispersity does not apply to the full extent. Some
authors therefore use an alternative relationship34 that
applies to complete populations containing all MWs and
DBs:

Since we believe that monodispersity is closer to reality,
eq 40 is used to interpret experimental branching data.
However, modeling efforts are currently being made28

to predict radii of gyration from DB accounting for the
architecture of the molecules. In future publications, we
will report on the development of our own tools designed
to improve the predicting of rheological properties and
molecular size distributions from explicit molecular
architectures.

Tackx and Tacx1 have determined g directly from
SEC/MALLS experiments on ldPE, from which the
branching has been determined using eq 40. All less
recent sources yield experimental data in terms of g′,
thus eq 39 and a value for k is needed to obtain g. The
exponent k is a highly disputed parameter, since for
ldPE values between 0.5 and 1.5 have been reported.22

Values have been reported1 of k ) 1-1.5 for one-zone
autoclave ldPE and of k ) 1.25-2 for tubular ldPE. In
our study, we use k as a parameter with values of either
1 or 1.5 in the comparison to experimental data, except
of course when comparing with g data.1 The literature
contains only scarce data concerning DB distributions6

and averages.32 The order of magnitude of DB is
typically around 1-2 branches per 1000 C in recent
publications,1,6 but has been reported to be as high as
12 in older ones.32

Comparison between Model Predictions and
Measurements. The model outcomes will be compared
to experimental MWD data from one and to DBD data
from two sources that provide autoclave product data:
Tackx and Tacx1 and Nordhus et al.6 Regarding the
comparison, it should be noted that a single, isothermal
CSTR is not a highly realistic representation of a real
autoclave configuration. However, it will become clear
that the peculiar shape of the broad MWD is already
fully there in the simple CSTR, while not being strongly
modified by mixing effects as modeled by systems of
CSTRs with recirculation.13

Tackx and Tacx1 provide measurement data for MWDs
and values of g vs molecular weight for one zone
autoclave ldPE, a bimodal product denoted by Alpha
IUPAC. The MWD is measured using MALLS to obtain
the average mass per SEC fraction and using refrac-
trometry for the concentration. Hence, the molecular
mass is determined directly without requiring any
correction for branching, which would have been neces-
sary had viscosimetry been used, yielding hydrodynamic
volume rather than mass.

Molecular Weight Distribution. The measured
MWD of Alpha IUPAC (simply reproduced from the
reference) is compared to the MWD predicted by our
PREDICI model for an ideal CSTR in Figure 1. The

Figure 9. Effect of random scission rate on MWD in a CSTR.
Identical conditions as in Figure 1. Bimodality almost vanishes
and MWD becomes considerably narrower: Polydispersity
decreases from 25 to 10. Average degree of branching remains
unchanged.

Figure 10. Branching density for ldPE from model (bimodal
MWD and narrower MWD for stronger random scission, see
Figure 9). Clear maximum observed. Stronger random scission
shifts the curve to lower MW, indicating a ‘redistribution’ of
branches over shorter chains.
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agreement is remarkable, considering the reactor condi-
tions for Alpha IUPAC are far from ideal and of uniform
temperature, and for obvious reasons are not mentioned
by the authors. It should also be borne in mind that the
kinetic data set used is from open literature,20 except
for the fitted random scission rate. The agreement
found, and especially the reproduction of the bimodal
MWD by the model, is strong support for the validity
of our model. This MWD shape is only obtained in a
CSTR and within a very narrow range of the random
scission rate factor. This is confirmed by the sensitivity
study regarding krs at the end of this section. Therefore,
we conclude that the subtle interplay between all kinetic
mechanisms and residence time distribution leads to a
marked dominance of the bimodal shape that is rela-
tively weakly influenced by nonidealities and segrega-
tion effects. Evidently, when details of such effects
become available from information on the process condi-
tions for Alpha IUPAC, improved fine-tuning using
models accounting for segregation will become feasible
as well. Note that the agreement between model and
experiment1 is completely based on the visual compari-
son of the MWDs. Since the experimental reference does
not provide Mn and Mw values, a precise check of the
simulated values (26.7 and 668 kg/mol, respectively) is
not possible. However, the MWD shape presented is no
reason to change the rates of transfer to monomer and
solvent as determining factors for the Mn. This, in part,
is related to the difficulties involved when attempting
to infer an accurate Mn value from an MWD measured
using SEC.

Degree of Branching Distribution. To start with,
in Figure 2 the direct MALLS measurement data of
square radius of gyration g are compared to our model
results for a CSTR, using eq 39 to obtain g from number
of branches per chain. The agreement is good, although
experimental data extend over a somewhat longer
range. According to the model predictions, the ranges
of g are exactly the same as those for MWD, ending at
slightly above 107 g/mol. The experimental MWD con-
firms this (see Figure 1). However, the g curve extends
to 108 kg/mol. This means that the experimental tech-
nique for detecting branches (MALLS) reveals the
existence of extremely long, strongly branched molecules
with too low concentrations to be detected by the
refractometer. As a hypothetical explanation, we think
that this is due to the existence of a small fraction of
very long, highly branched chains that are undetectable
by the refractometer but detectable by MALLS in the
most sensitive range of this instrument.

In Figure 3, experimental DBD data are compared
to the predicted ones in terms of number of branches
per chain (data obtained from the shown g measure-
ments and eq 40). The number of branches per chain
increases with chain length, which is intuitively in
agreement with the fact that the transfer to polymer
reaction rate is proportional to the length of the dead
chains. The agreement between experiment and model
is again good, but in Figure 4 at high MW the number
of branches per chain amounts to 92 000, whereas the
model predicts a maximum of only 1500. The value of
92 000 seems to be extremely high and gives rise to
some doubt. In the first place, it had to be estimated
from an experimental g plot1 in a region where g < 0.01,
so that the accuracy of both the instrument’s output
signal and the plot is low. Moreover, it should be noted
that an interpretative model is still needed to translate

g into number of branches. For reasons already ex-
plained, we used eq 40 (monodisperse sample) as this
model; however, using eq 41 (full polydisperse popula-
tion) would have resulted in far fewer branches per
chain, a better fit at high MW, and a worse fit at lower
MW as compared to our simulation model (see Figure
3). More experimental data and improved interpretative
models are needed in order to arrive at a full under-
standing of this matter. Figure 5 shows the branching
density vs MW, showing a maximum in the computed
curve, which is absent from the experimental one; in
contrast, the latter shows a minimum and a remarkably
sharp increase at high MW, but this is subject to some
doubt, as explained above. The average branching
density can be calculated from the measured g data as
follows. Experimental g values are known as a function
of MW. Through either eq 40 or eq 41, the number of
branches i per chain is obtained from g(i), yielding the
number of branches as a function of MW. The concen-
tration distribution of MW is known from the experi-
mental MWD, so the total number of branches follows
by integration over the whole MW range. Dividing the
total number of branches by the total number of chains,
as obtained from the experimental concentration, yields
the average number of branches per chain. Finally,
dividing the total number of branches by the total
number of monomer units in all the polymer chains
(from experimental MWD) provides us with the number-
average branching density. This average turned out to
be 1.05 branches/1000 C (eq 40), which is close to the
predicted value of 1.17/1000 C; using eq 41 yielded a
larger discrepancy, i.e., 0.52/1000 C. The existence of a
maximum in the branching density curve is not expected
intuitively. Since every unit on a dead chainswhether
short or longshas the same chance of being attacked
by the transfer to polymer reaction, one might anticipate
that the branching density is also independent of chain
length. This, however, turns out to be incorrect, which
is a result of the complex interplay between all mech-
anisms involved.

Nordhus et al.6 presented measured g′ curves for
various autoclave grades produced by Borealis. From
these data, they calculated branching data using the
Zimm and Stockmeyer34 formula for polydisperse sys-
tems (eq 41), so in line with the discussion above, we
have reworked the g′ data using eq 40, which holds for
monodisperse systems. As regards MWD, unfortunately
this reference does not show the corresponding MWD
measurements, but only computed ones, assuming three
CSTRs in series.

Degree of Branching Distribution. The same
kinetic set as before has been used, except for different
transfer rates to monomer and solvent (see Table 2). The
CTA concentration in the Borealis case is unknown. It
turned out that a value of 0.48 kmol/m3 leads to an
excellent agreement between model and data, as seen
in Figures 6 and 7, when assuming k ) 1 in eq 39 as
regards the interpretation of the experimental results.
Figure 8 shows the branching density of the Borealis
product resulting from experiments and model, again
revealing an excellent agreement. Discrepancies are
observed at lower MW, probably due to less sensitivity
and accuracy of the measurement instrument in this
range.

Some Simulations with the ldPE Model. The
effect of a higher random scission rate is shown in
Figure 9. A further reduction of this rate leads to a
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divergence: The model shows that especially living
chains continue to grow and do not reach steady state.
Our hypothesis is that, in the absence of random
scission, transfer to polymer will lead to gelation, which
is an infeasible region for our model. We conclude that
the MWD is strongly affected by random scission, and
hence the shape of the MWD may be seen as a sensitive,
quantitative measure of random scission. Note that this
conclusion only holds for a CSTR, since batch reactor
calculations not reported here show the MWD sensitiv-
ity for random scission to be much lower. At present, it
is possible to simulate more realistic reactor configura-
tions of autoclave and tubular systems using the PREDICI
in compartment models in order to allow for mixing
effects and nonisothermal conditions.13

Although discrepancies still persist between the model
based on the kinetic scheme presented and the experi-
mental DBD datasespecially with respect to the shape
of the DBD curvessit nevertheless seems interesting
to analyze typical bimodal autoclave products on branch-
ing characteristics. These DBD results are given in
Figure 10 as branching density characteristic. The
average number of branches per chain is not affected
by random scission, in line with the principles of this
mechanism. However, the effect of higher random
scission is a kind of redistribution of the branches
created by transfer to polymer over a lower MW range,
which is clearly visible in Figure 10.

Discussion and Conclusions
The use of pseudo distributions in PREDICI has proven

to be a rigorous and powerful simulation tool with which
to obtain the degree of branching distributions on a
reactor level of aggregation. The only compromise made
to rigorousness concerns the implementation of random
scission. Complete decoupling of chain length and
number of branches scission allowed us to include this
mechanism in the pseudo distribution approach. The
inherent overestimation of number of branches in short
chain fragments (as discussed in the Appendix) intro-
duces an error of less than 1%. For the reaction
mechanisms assumed and the kinetic rate data given
in Table 2, the DBD obtained is correct. Obviously, this
conclusion holds for the description of the first moment
of the DBD at a certain chain length. However, as real
bidimensional distribution modeling of MWD/DBD on
reactor scale is not yet possible, the results obtained
using pseudo distributions should be considered the
state of the art in rigorousness. Furthermore, although
no experimental data are available on DBD per chain
length, we may anticipate that these distributions are
neither broad nor of a very particular shape, so that the
moment approach is safe here. Note that Zimm and
Stockmeyer34 even had a Poisson distribution in mind.
Still, PREDICI offers the possibility to incorporate higher
moment pseudo distributions, something we will un-
dertake in the future.

Model results have been compared to experimental
data from several sources. A number of interesting
results have been obtained. By assuming a set of kinetic
data from available literature,20 we were able to simu-
late the typical bimodal MWD as measured for ldPE
from autoclave reactors.1 Moreover, the MWD shape
turns out to be a sensitive measure for the random
scission rate, at least for CSTR type reactors.

For DBD, good agreement is found between our CSTR
model using kinetic data from open literature and the
available experimental data for Alpha IUPAC1 and a

Borealis6 product. This is even more remarkable in view
of the accuracy of measured DBD1,5,6 as obtained from
SEC-MALLS data, since the interpretation of such data
requires to make a number of assumptions that render
them not completely unambiguous. The maximum
number of branches found by our model is lower
compared to the first reference (1500 rather than
92 000) and the same (600) in the latter case. A
difference is observed in the branching density, pre-
dicted to feature a maximum (1.75 branches per 1000
C), but in the Alpha IUPAC case it is seen to show a
sharp increase to 25 branches per 1000 C at high MW
according to experimental data. The extremely high
experimental values are subject to some doubt for
reasons of instrumental accuracy and the accuracy with
which the interpretative model can translate g into
number of branches. The sharp increase is not at all
observed in the Borealis autoclave product, where the
agreement between branching density data and model
predictions is almost perfect. In general, the discrep-
ancies still present may be partly ascribed to segrega-
tion or micromixing effects, phenomena which may be
investigated using our model.14 Eventually, differences
could also be explained by incorrect kinetic coefficients,
but only very partially, so such an explanation is
unsatisfactory. However, it is still an open question to
what extent some mechanisms included in the model
should be modified or refined: Is the rate of transfer to
polymer really proportional to the chain length, and is
random scission really random? These issues deserve
closer examination.

Appendix: Special Features of Random Scission

In this appendix the impact of random scission on the
pseudo distribution Ψn

1 is discussed, especially with
respect to the complete decoupling between scission into
chain lengths and scission into branching numbers as
described in the main text.

Some calculated pseudo distributions Ψn
1 have been

examined more closely. For broad MWD, the associated
Ψn

1 distribution turns out to possess a plateau at short
chain lengths, as shown in Figure 11. Analyzing the
contributions of all reaction mechanisms involved, it
appears that random scission dominates at low n. As
can be seen from Figure 11, the fraction of Ψn

1 being a
product of random scission is almost 100% at low n and
gradually decreases to zero at higher n. In conclusion,
the plateau in Ψn

1 is caused by random scission. Now,
since the dead chain distribution Pn also features a
plateau at low n, the quotient Ψn

1/Pn (the number of
branches per chain at length n) will approach a constant
value at low n. Finally, it follows that the branching
density, computed as 500 Ψn

1/(Pnn) representing the

Figure 11. Plateau shape of Ψn
1 distribution toward low n.

This is due to the high fraction of random scission in the
production of Ψn

1 at low n. Since also the Pn distribution has
a plateau at low n, the branching density 500 Ψn

1/(Pnn)
assumes unrealistically high values.
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number of chains per 1000 C, rises considerably toward
low n. This is shown in Figure 12. Physically, this is
unrealistic and must be explained by the aforemen-
tioned overestimation of branches created in very short
chains by random scission, due to the incorrect sum-
mation in the expression for the pseudo distribution
describing the contribution of this mechanism. As
stated, the error is only significant if the orders of
magnitude of chain length and number of branches are
the same. Knowing that, up to chain lengths 100, the
average number of branches per chain is lower than one,
we assume that the error has become negligible beyond
that length. Moreover, since the experimental tech-
niques are not able to detect branches below n ) 300
(Mn ) 10 000), this error is not relevant when comparing
simulations with experimental data. Theoretically, the
overestimation of branches in short fragments has its
corollary in an overestimation of the consumption of
branches from long chains. However, since only a small
fraction of the chains is broken into very short chains,
this errorsbeing proportional to that fractionsmay
safely be neglected.

Nomenclature

B total number of branch points (-)
EA activation energy in Arrhenius expression (kJ

(kmol‚K)-1)
g ratio of square radii of gyration of polymers with

the same molecular weight (-)
g′ ratio of intrinsic viscosities of polymers with the

same molecular weight (-)
I2, I concentration of undissociated and dissociated

initiator, respectively (kmol m-3)
k exponent in eq 39, rate constants in Tables 1 and

2 (-)
k0 preexponential factor in Arrhenius expression

(-)
M monomer concentration (kmol m-3)
Mn, Mw number and weight-average molecular weights,

respectively (kg kmol-1)
nw weight-average segment length in eq 41 (-)
Pn

i concentration of dead chains with length n and
number of branches i (kmol m-3)

Rn
i concentration of living chains with length n and

number of branches i (kmol m-3)
s radius of gyration (m)
S solvent concentration (kmol m-3)
∆V activation volume in Arrhenius expression (m3/

kmol)

â probability that a chain of length m with j
branches produces a fragment of length l with
k branches (-)

Φn
N Nth branching moment of living chains with

length n (kmol m-3)
Ψn

N Nth branching moment of dead chains with
length n (kmol m-3)

τ residence time in reactor (s)
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Figure 12. Branching density 500 Ψn
1/(Pnn) vs molecular

weight. The sharp rise toward low n is a consequence of the
plateau shape of the Ψn

1 distribution at low n shown in Figure
11. As argued in the text, the overestimation of the branching
density is negligible for n > 100, or MW > 3000.
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